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Large-Scale Quantum Computing is great 
but far away 

Expectations for quantum computing are sky-high 

 

 

 

 

The near-term reality will be quite different 

 - “Noisy Intermediate Scale” Devices – not capable of 
running many quantum algorithms 



What will be the power of these devices? 

 - They will not be capable of performing all poly-time 
quantum computations – BQP 

 - They might be able to do some things classical computers 
cannot – i.e. they may be outside of BPP 

 

Complexity-Theoretic Challenge: What sorts of tasks have 
intermediate complexity between BPP and BQP?  

-> We will address this by classifying the power of certain 
intermediate quantum gate sets 



Our approach: Gate Set Classification 

• Gate set = fundamental operations of your computer 

• Classical computers: AND, OR, NOT gates 

• Quantum computers: unitary k-qudit gates  

 

• Gate set is universal if it densely generates all possible 
unitaries on some number of qubits 
• Fact: all universal gate sets are equivalent in their computational 

power  



Our approach: Gate Set Classification 

• Remaining challenge: Classify the power of non-universal 
gate sets 

Interesting because non-universal gate sets: 

• Could be easier to implement experimentally  

• Could be easier to error-correct 
• Eastin-Knill: No universal gate set can have a “transversal implementation” in 

an error-correcting code 

• It’s also just a beautiful mathematical problem 

 

 



Our approach: Gate Set Classification 

• Very difficult task: we don’t even know which gate sets are 
universal or non-universal! 
• Given a gate set, it is decidable if it is universal [I. ‘07] 

 

• Few known classification results, for special cases 
• Reversible Classical Gates [AGS’16] 

• Subsets of Clifford Gates [GS’16] 

• Subsets of Linear Optical Gates [BA’15, S’15,OZ’17] 

• Commuting Hamiltonians [BMZ’16] 



Our Results 

1. We fully classify a subset of quantum gates, 
“Conjugated Clifford” gates, in terms of their 
computational power (assuming PH infinite) 
 

2. We extend the computational hardness of this 
model to realistic levels of experimental noise under 
a plausible conjecture 
• Might be easier to error-correct 



The Clifford Group 

Clifford Group: A set of quantum gates which generate a discrete 
subset of unitaries on any number of qubits 

 -Gate set: CNOT, Hadamard, S (Phase by i) 
 

They exhibit many quantum properties: entanglement, teleportation…. 
 

Play a key role in theory of quantum error correction 
 

But in other ways they are much weaker than universal quantum 
circuits 



Clifford Circuits 

Clifford Circuit: Circuit which applies only gates from the Clifford group 

 

 

 

 

 

Gottesman-Knill: Clifford circuits are efficiently classically simulable! 

 One can compute the probability of any output (or any conditional 
probability) in classical polynomial time 
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The Conjugated Clifford group 

Conjugated Clifford Group: The Clifford group, where each gate is 
conjugated by a one-qubit gate U on every qubit 

 -Gate set: (UxU )CNOT (U-1xU-1),  U H U-1, U S U-1  

 

Algebraically, it is the same as the Clifford group  – but simply a 
different representation of the group (change of basis) 

 

But this changes their complexity-theoretic properties 

 - Breaks Gottesman-Knill Simulation algorithm 



Conjugated Clifford Circuits 

Conjugated Clifford Circuits (U-CCCs): 
 
 
 
 
 
 

Interior U and UϮ‘s cancel 
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Conjugated Clifford Circuits 

Conjugated Clifford Circuits (U-CCCs): 

 

 

 

 

 

[See also YJS’18] 
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Conjugated Clifford Circuits 

Goal: Classify for which U are U-CCC’s efficiently 
classically simulable? For which can they do hard 
sampling? 

 

 

 

Last Z rotation does not affect measurement statistics, so is irrelevant 
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Main Theorem: Let  

 

Then U-CCCs are 

-efficiently classically simulable, if  

 

 

-otherwise, are not efficiently classically simulable (unless PH 
collapses) 

Conjugated Clifford Circuits 
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U is itself a 
Clifford gate* 



Tool to do this: sampling problems 

•Given as input x in {0,1}n, output a sample from a 
probability distribution Dx over n-bit strings 
• A broader notion of computation 
• Easier to show a quantum advantage in this setting 



U-CCC Sampling 

•Given as input a description of a quantum circuit C 
consisting only of Clifford gates conjugated by a one 
qubit unitary U, output a sample from a probability 
distribution  induced by performing C and then 
measuring 
 

•Approximate U-CCC sampling – same but are allowed 
to output a sample from a distribution which is O(1) 
close in total variation distance 



Our results 

• For any U which is not Clifford*, a classical 
randomized algorithm cannot perform U-CCC 
sampling exactly unless PH collapses  
• Otherwise, if U is Clifford, U-CCC sampling is in sampBPP 

 

•Under an additional conjecture, a classical randomized 
algorithm cannot perform  approximate U-CCC 
sampling either 



Proof Techniques 



Postselection [A’04]: Imagine you had the ability to run a 
randomized (classical or quantum algorithm), and only keep 
those runs of the algorithm in which a certain (poly-time 
computable) property holds 

 - this property might be exponentially rare 

 

How much more powerful would your computational model 
become? 

Proof Techniques: Postselection 



Weak Model of QC 
 

PostBQP=PP 
[A’04] 

 

BPP 
 

Postselection 

PostBPP  
 

BQP 
 

Postselection 
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Proof Techniques: Postselection 
[TD’04,BJS’10,AA’10] 



Proof: Suffices to show postselected CCCs are universal for BQP 

Define many postselection gadgets which boost U-CCCs 

to universality for certain subsets of U 

 

 

 

 

 

Key fact: Clifford group + any non-Clifford is universal [NRS] 
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Proof Techniques: Postselection Gadgets 



To show these are universal under postselection: must 
overcome the curse of inverses: 

Problem: The S-K theorem, which shows all universal gate sets 
are equivalent, assumes your gate set is closed under 
inversion, but postselection gadgets are not 

Solution: Can apply inverse free S-K theorem of [Sardharwalla 
et al ‘16], because Cliffords contain Paulis 
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Proof Techniques: Curse of Inverses 



Also show hardness of approximate U-CCC sampling under 
additional conjecture: 

Known: It is #P-hard to compute the output probabilities of U-
CCC’s to constant multiplicative error in the worst case 

 

Conjecture: it is #P- hard to compute output probabilities of U-
CCCs to constant multiplicative error on average over the 

choice of U-CCC 

Cor: If this conjecture is true, a classical algorithm cannot 
perform approximate U-CCC sampling 
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Extending hardness to realistic noise 



Conclusions 

•We have classified the computational power of U-
CCC’s over the choice of U, in the case of exact 
simulation 

 

•Under a plausible conjecture, U-CCC’s may be difficult 
to approximately simulate as well 



Open Questions 

•Can one prove exact average-case hardness of 
computing amplitudes of randomly chosen CCC’s? 
• [BFNV’17] recently established this for continuous 

distributions over gates, but this is a discrete distribution 

•Could it be easier to error-correct U-CCC’s than 
universal quantum gate sets? 
• Would not violate the Eastin-Knill Theorem 

 
 
 



Open Questions 

•What is the power of U-CCC’s where one can only 
apply a subset of the Clifford group? 
• Subsets of Clifford group classified by [GS’17] 

• “Fragments Of conjugated Clifford Sampling” (FOCS) 

• Very difficult problem 

 
 



Thanks! 


